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ABSTRACT 

We describe domain walls that live on A2 and ^3 singularities. The walls 
are BPS if the singularity is resolved and non-BPS if it is deformed and fibered. 
We show that these domain walls may interpolate between vacua that support 
monopoles and/or vortices. 
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1. Introduction 



Theories with discrete vacua contain codimension one topological defects, i.e. 
domain walls, which interpolate between two different vacua[l]. Depending on the 
properties of these vacua, domain walls can shed light on the semi-classical and 
nonperturbative physics in these theories. Domain walls have been investigated in 
great detail in (supersymmetric) field theories and those arising from intersecting 
brane configurations [2-20] . 

On the other hand, domain walls may also live in theories obtained from wrap- 
ping branes on singular spaces such as An singularities. In ref. [21] it was shown 
that solitons of different dimensions, and in particular domain walls may live on 
such singularities. The world-volume theories of D5 branes wrapped on an 
singularity usually have isolated supersymmetric vacua which give rise to domain 
walls. In the brane configuration, these domain walls correspond to D5 branes 
wrapped on a node of the singularity and stretched to a neighboring node along 
C{x), the two dimensions transverse to An- The wrapping and stretching of the 
D5 brane produce exactly the tension of the wall obtained in the world-volume 
field theory. 

In this paper, we consider domain walls that live on the world-volumes of 
D5 branes which are wrapped on A2 and A3 singularities. If the singularities are 
resolved but not deformed, we find that domain walls are BPS. If the singularity is 
deformed and fibered over C (x) , the J\f — 2 supersymmetry is broken and we obtain 
non-BPS domain walls. We find that, in certain cases, these walls interpolate 
between vacua with very different pcrturbative and nonperturbative properties; 
e.g. vacua supporting monopoles and/or vortices. In such cases, domain walls 
may be connected by vortices which gives rise to configurations similar to those 
of D-branes connected by strings. Singularities with a large number of nodes, i.e. 
An with large n, lead to a large number of isolated vacua and therefore to a large 
number of domain walls with different properties in the world-volume theory. 

Since our main aim in this paper is to show the existence of different types 
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of domain walls that live on singular spaces, we do not investigate their quantum 
properties such as their interactions, world-volume theories, moduli spaces etc. 
This has been done in detail for domain walls that arise in intersecting brane mod- 
els[6,14,15]. We expect the quantum properties of our domain walls to be similar 

to but somewhat different from those in [6,14,15] since our brane configurations 
either have only M = 1 supersymmetry or in the cases with M = 2 supersymmetry 
are not exactly dual to the intersecting brane models considered in those works. 

The paper is organized as follows. In section 2, we decribe BPS domain walls 
that live on a resolved A2 singularity which is not deformed. In section 3, we 

describe non-BPS domain walls that live on deformed A2 and A3 singularities 
which are fibered over C{x). Section 4 includes a discussion of our results and our 
conclusions. 

2. BPS Domain Walls 

In this section, we describe domain walls in A/" = 2 supersymmetric models 
that live on singularities. Due to the J\f = 2 supersymmetry, these are BPS domain 
walls. The simplest model with such a domain wall is obtained from D5 branes 
wrapping an A2 singularity given by 

uv ^ {z - zo){z - zo){z - zo) (1) 

where zq may or may not vanish. The A2 singularity has two nodes (5'^s) that 
overlap at the origin of the two dimensional (complex) transverse space C{x). We 
wrap Nf D5 branes on the first node and Nc D5 branes on the second one. On the 
3+1 dimensional noncompact world-volume, this leads to a U{Nf) x U{Nc) gauge 
theory with two chiral fields 0i,02 in the {adjf,l) and {l,adjc) representations 
respectively [22]. In addition, there are two bifundamental chiral fields Qi2,Q2i in 
the {Nf,Nc) and {Nf,Nc) representations respectively. These fields are coupled 
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through the superpotential[23,24] 



W = Tr[Qi2Q2i{(t>2 - </>!)] (2) 

Clearly, for Q\2 — Q21 — 0, 0i and 02 are free; in fact this is the Coulomb branch 
of the theory. At a generic point in the Coulomb branch, we have (since we can 
always take 02 = which simply defines the origin of the moduli space) 0i = 
diag(ai, a2, ■ ■ ■ , a^) and U{Nf) is broken to U{Nf) U{l)^f with all Abelian 
couplings equal to gj. We can decouple the gauge and singlet fields that live on 
the first node from the rest of matter by taking gj « 1. The gauge coupling gf 
is given by 

47r Vi 



9) {27r)Vs 



(3) 



where gs and ig are the string coupling and length respectively. Vi is the "stringy 
volume" [25] of the first node given by Vi = (27r)''£f (5^ + rf + al) with 

B.^Jb^^ rl = Jj (4) 

i.e. Bi is the NS-NS flux through the flrst node and rf is the volume of the Sf. We 
see that we can obtain gf « 1 by taking Vi >> fg, e.g. by assuming a very large 
NS-NS flux through the flrst node, Sf. This decouples 0i (with the frozen nonzero 
VEVs along the Coulomb branch) and turns U{l)^f into a global symmetry. Thus, 
we are left with a U{Nc) gauge group with Nf flavors, Qi2i and Q2ii (in the Nc 
and Nc representations respectively) and the adjoint 02- The superpotential for 
these fields is given by 

W = Tr[Qi2Q2i{(t>2 - diag{ai, 02, ... , ojV/))] (5) 

In addition, we can blow up the second node so that S2 has a finite volume r^. 

On the world-volume theory, this introduces an anomalous D-term = C ^^i the 
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C/(l)[26] subgroup ofU{Nc) and its D-term becomes 

Nf 

D = J2i\Qi2i\'-\Q2ii\' + ^W (6) 

i=l 

In order to have supersymmetric vacua we need to assume Nc < Nf since for 
Nc > Nf, |(52iiP which is an A^^- x Nf matrix is not large enough to cancel the 
anomalous D-term which is an Nc x Nc matrix. The above theory has isolated 
vacua given by the different choices of Nc VEVs which are the diagonal elements 
of 02; 02 = diag{bi, 62, • • • , &A^J- A vacuum is obtained when one or more of the 
Nc diagonal bjS match one or more of the Nf diagonal entries a^; i.e. a vacuum is a 
collection of A^c entries out of Nf possible values Oj. The number of these vacua 
is Nf\/{Nf — NcY-Ncl. For a particular choice of with bj — ai for a particular set 
of i, the corresponding Q2U are free and can obtain VEVs to cancel the anomalous 
D-term so that 

5^ |Q21jf = gi2 = i^l,...,Nf (7) 

3 

Due to the existence of isolated vacua, the theory contains domain walls which 
interpolate between any two different vacua given by two sets C]^ ^ C^'- These are 
non-Abelian domain walls and their solutions, in general, are quite cumbersome 
to write explicitly. 

For simphcity let us consider the solution for the simplest case with TVg = 1 
which corresponds to Abelian domain walls. In this case, 02 is a singlet with a 
VEV, b that may be equal to any of the Nf a^s. Thus there are Nf isolated vacua 
with b = ai for i = 1, . . . , Nf. Consider a domain wall interpolating between vacua 
with VEVs b — ai and b — aj. The solution for such a domain wall (in the limit 
g"^^ » af) is given by 

Q2U = ^e-l«^-«^l^ Q2ij = ^e-l«^-«^l" (8) 
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where = Q-2\ai-aj\z _^ g2|, 



and 



02 = 



Oj + Oj Oj — aj 



tanhz 



(9) 
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In eqs. (8) and (9), for simplicity, we assumed the walls to be normal to the z 
direction and located at 2; = 0. Due to the J\f = 2 supersymmetry of the world- 
volume theory, these domain walls are BPS. Therefore, their solution and tension 
given hy Tyj = ^{\ai — aj\) do not receive any corrections. 

In ref. [21], it was shown that these domain walls are D5 branes wrapped on 
the blown up second node and stretched between the two (wrapped) D5 branes 
at Qi and aj along the transverse plane C{x). Since the D5 branes that form the 
domain walls are transverse to the three world wolume directions they form two 
dimensional surfaces as required. The wrapping on the node contributes the factor 
^ in the tension whereas the factor |aj — aj\ arises from the stretching along C{x). 
The details of this description can be found in ref. [21] and will not be repeated 
here. 

Consider the general case with Nc wrapped D5 branes. In a generic vacuum, 
the gauge symmetry is broken to U (Nc) — > U (1)" x U (k) where n+k — Nc and U (k) 
is spontaneously broken by the bifundamental VEVs. Such a vacuum supports (n 
typcs of) monopolcs due to the unbroken Abclian symmetries and non-Abelian 
vortices due to the spontaneously broken U{k). A generic monopole has a mass of 
mm = 47r|ai — aj\/ and is a D3 brane wrapped on the second node that stretches 
from Oj to aj on the complex plane C(x)[21]. In addition, there are k types of 
vortices (since a non-Abelian vortex is obtained by embedding an Abelian vortex 
in the diagonal subgroup of U{k)) with tension T — 27r^. These vortices are D3 
branes wrapped on the second node that stretch along the (noncompact) world- 
volume[21,28,29]. It has been shown that these vortices may end on the domain 
walls giving a configuration similar to that of D-branes with strings stretched 
between them. This similarity has been noticed in refs. [16-20]] where it was 
shown that the vortices are charged under the wall gauge group and the whole 
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configuration is BPS. This raises the interesting possibihty of a field theory that 
has a hmit in which domain walls and vortices behave like to D-branes and strings. 

3. Non-BPS Domain Walls 

We can also obtain non-BPS domain walls in theories with Af — 1 supersym- 
metry that live on a singularity. Even though these walls are not BPS they are 
expected to be stable since they interpolate between two isolated vacua and are 
therefore topologically stable. In order to break supersymmetry down to J\f — 1 
we need to wrap the D5 branes on a deformed A2 fibered over C (x) . The simplest 
such singularity is a deformed and fibered A2 given by 

uv = {z + m{x + a))z{z — 2m{x — aj) (10) 

We wrap one D5 brane on each of the two nodes of the singularity which are at 

X = a and x = —a. The world-volume theory is a U{l)i x f/(l)2 gauge theory 
with two gauge singlets (pi, 02 and two charged fields Q12, Q21 with charges 1,-1 
and —1,1 respectively. The superpotential is given by 

W = ^(01 + a)2 + m(02 - a)2 + Qi2Q2i{'p2 - 0i) (11) 

The F-terms arising from W are 

F^, - m{cf>i + a) - Q12Q21 (12) 

F^, = 2m{(j)2 - a) + Q12Q21 (13) 
Fq,. = (02 - 01)^21 (14) 
Fq,, = (02 - 0l)Ql2 (15) 

In addition there are two D-terms for the two Abelian gauge groups which impose 
the condition \Qi2\ = IQ21I due to the opposite charges of these fields. (For 
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simplicity we assume that these VEVs are real in the following.) We find that there 
are two isolated supersymmetric vacua given by (in addition to nonsupersymmetric 
metastable vacua common in such models[27]) 

01 = -a 02 = a Qi2 = Q21 = (16) 

and 

a 4 
01 = 02 = g Q12Q21 = ^ma (17) 

Note that in the first vacuum given by eq. (16), the gauge group is U (l)i xf/(l)2 
and all matter fields are massive. Since the Abelian groups remain unbroken, 
topological excitations of this vacuum are free magnetic monopoles for each U{1) 
with masses rrii — Sira/gf with i — 1,2. This vacuum corresponds to a point on 
the "Coulomb branch" of the theory (in jV = 2 terminology) On the other hand, 
in the second vacuum given by eq. (17), these Abehan groups (actually U{2)) 
are spontaneously broken but Q12 and Q21 are massless. As a result, topological 
excitations of this vacuum are vortices with tension Tg = 87rma/3. This vacuum 
corresponds to a point on the "Higgs branch" of the theory. We see that the two 
vacua are quite different from each other not only at the perturbative but also at 
the nonperturbative level. 

The existence of these two isolated vacua means that there is a domain wall 
which interpolates between them. The domain wall solution is given by 

Qu = Q.1 = \^e-^' (18) 

where = e~'^°'^ + e^"^ and 

01 = --(1 + 2tanhz) 02 = -(2 + tanhz) (19) 
3 3 

Above we again assumed that the wall is transverse to the z direction and located 
at 2; = 0. The tension of the domain wall is T«, = 8ma^/3. As before this wall can 
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be seen as a D5 brane that is wrapped on the nodes and stretched between the two 
nodes (from x — —a to x — a on C{x)). It can be shown that the wrapping and 
stretching contribute factors of Ama/S and 2a to the tension. Since this domain 
wall is not BPS, its solution and tension get corrections. Nevertheless, wc expect it 
to be topologically stable due to the fact that it interpolates between two isolated 
vacua. 

We found that the domain wall interpolates between two vacua with quite 
different physics; one that supports free monopoles and another that supports 
vortices. Two domain walls sepcratcd by the second vacuum can be connected 
by vortices. This again is reminiscent of string theory in which D-brancs are 
connected by fundamental strings. In this field theory, domain walls and vortices 
are similar to D-branes and fundamental strings repectively. Unfortunately, since 
only one of the two vacua supports vortices, the walls are connected by vortices 
on one side and not the other. Thus, these domain walls are quite different from 
D-branes. If we want domain walls connected by vortices on both sides, we need a 
theory in which there are at least two different vacua that support vortices, which 
is necessarily a theory with more than two vacua. 

It is easy to see that higher singularities. An with n > 2, lead to a larger 
number of isolated vacua and therefore to a larger number of domain walls with 
different properties. Consider the deformed /I3 singularity fibered over C{x) and 
given by 

uv^ {z + 2m{x - a))z{z + 2m{x - a/2){z + 4m(a; + a/4)) (20) 

with three nodes at x — a, a/2, —a. We wrap one D5 brane on each one of the nodes 
and obtain a U{l)i x U{1)2 x U{1)3 gauge group with three singlets 0i, 02, 03 and 
the charged fields (5i2, Q21, <523, <532 with charges (1, -1,0), (-1, 1,0), (0, -1, 1), (0, 1, -1)| 
under the three Abelian gauge groups respectively. In this case, the superpotential 



8 



IS 

W = m(0i -af + m(02 - a/2f + m(03 + a)^ + Q12Q21 (02 - 0i) + <923(932(03 - ^2) 

(21) 

The F-terms obtained from the above superpotential are 



F^^ = 2m(0i - a) - Q12Q21 


(22) 


,2 = 2m(02 - a/2) + (512Q21 - Q23Q32 


(23) 


^<p3 ~ ^ii<'{<P2 -\- a) -\- V23^;32 




FQi2 = (521 (02 - (pl) 


(25) 


= <5l2(02 - 0l) 


(26) 


FQ23 = Q32(03 - 02) 


(27) 


FQ32 = Q23(03 - 02) 


(28) 


three D-terms arising from the three U{1) 


gauge groups 



which vanish if \Qi2\ = \Q2i\ and \Q23\ = \Q32\- The above theory has four 
supersymmetric vacua given by 



3 / TTiQi 

(i) = 02 = -a 03 = -a Q12 = -Q21 = Y ^ ^23 = Q32 = 



(29) 



(u) 01 = a 02 = 03 = Q12 = Q2I = (523 = -<532 = (3) 

(iii) 01 = a ^2 = ^ 03 = -a (5i2 = (521 = Q23 = Q32 = (31) 



(iv) 01 = 02 = 03 = g Q12 = -Q2I = Y Q23 = -(532 = y — ^ 

(32) 

In vacuum (i) the gauge group is ^^(1)3 with a spontaneously broken U{2) and 



massless Qu and Q21. The topological excitations are monopoles of C/(l)3 and 
two types of non-Abelian vortices (with the same tension) due to the broken U{2). 
Vacuum (ii) is very similar with the gauge group U{l)i, spontaneously broken 
U{2) and massless Q23,Q32- Monopoles and non-Abehan vortices are again the 
topological excitations under the unbroken and broken gauge groups. In vacuum 

(iii) , the gauge group is x f/(l)2 x U{l)s, all matter fields are massive and 
the topological excitations are monopoles of each U{1) factor. Finally in vacuum 

(iv) there is a spontaneously broken f/(3), with all Qij massless and two types of 
non-Abelian vortices with different tensions. We see that these four vacua have 
very different perturbative and nonperturbative properties. In jV = 2 terminology, 
vacua (i) and (ii) correspond to points in the "mixed Higgs-Coulomb branches" 
whereas vacua (iii) and(iv) correspond to points in the "Coulomb" and "Higgs 
branches" respectively. 

There are six domain walls that interpolate between any two of these four 
vacua. For any two of the vacua (i)-(iv), we can write down a domain wall solution 
which generalizes eq. (20). For example, consider the domain wall that interpolates 
between vacua (i) and (iii) above. Its solution is given by (with Q23 — Q32 — 
and 03 = —a) 

Q12 ^ -Q21 ^ j^l^e-""'/^ 01 = ^(7 + ton/iz) 02 = ^(5-ton/iz) (33) 

where A'^ = e~°'^ + e"^ and we assumed as before that the wall is transverse to the 
z direction and located at z = 0. The tension of the domain wall is Tyj = ma^/2. 
Since this domain wall is not BPS, its solution and tension receive corrections. 
However, we expect that it is topologically stable since it connects two different 
vacua. The other five domain wall solutions are similar and we will not describe 
them in detail here. 

Note that vacua (i) and (ii) both support (non-Abelian) vortices as topological 
excitations. Therefore, there is a configuration of multiple domain walls interpo- 
lating between these two vacua that can support vortices. Now, as opposed to the 
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case of the A2 singularity, these walls can be connected by vortices on both sides 
which looks like a configuration of D-branes connected by strings. Note however, 
that unhke that of a pair of D-branes, this configuration is not BPS due to jV' = 1 
supersymmetry. The vortices in both vacua (both sides of the walls) have the same 
tension, T = Trma but may or may not carry the same U{1) fiux. In the present 
case, the vortices are identical if they are both charged under the U{1)2 subgroup 
of both f/(2)s. Otherwise, the two vortices on either side of the walls arc different 
even though they have the same tension. These vortices correspond to D3 branes 
wrapped on the second node and stretched along the world-volume[21,28,29]. 

The discussion can be easily generalized to D5 branes on An (with n > 3) 
singularities. In this case, there is a vacuum with a spontaneously broken U (n) 
gauge group that corresponds to a point in the "Higgs branch". This vacuum 
supports n types of non-Abelian vortices. Another vacuum has the gauge group 
[/(l)"" which is a point in the "Coulomb branch". This vacuum supports n types 
of monopoles. In addition, there are a large number of vacua that correpond to 
points in the "mixed Higgs-Coulomb branch" . These have gauge groups [/(I)*" and 
spontaneously broken U [ki) (where m + ^ /cj = n) . These vacua support m types 
of monopoles and ki types of non-Abelian vortices. In this case, a configuration of 
multiple domain walls can be connected by many different types of vortices. We 
see that, for D5 branes on the physics of multiple domain walls becomes quite 
interesting with different types of strings and monopoles between them. 

4. Conclusions and Discussion 

In this paper, we showed that domain walls can live on resolved or deformed 
An singularities. We found that BPS domain walls five on singularities which are 
resolved but not deformed. On the other hand, non-BPS domain walls five on 
deformed singularities which are also fibered over C{x). The walls interpolate be- 
tween vacua that are different perturbatively and nonperturbatively. In particuar 
some vacua have Abelian groups and support monopoles whereas others have spon- 
taneously broken groups that support vortices. We found that in the deformed A2 
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case, domain walls are connected by vortces only on one side. In the deformed As 
case, due to the fact that there are two different vacua that support vortices, walls 
can be connected by vortices on both sides. These vortices, though they have the 
same tension, may or may not be identical depending on the flux they carry. 

It is interesting to note that, a configuration with domain walls that are con- 
nected by vortices is very similar to that of D-branes in string theory (which are 
also connected by fundamental strings). This similarity, in theories with J\f — 2 
supersymmetry, has been noticed previously in refs. [16-20]. In such a framework, 
domain walls and vortices are analogous to D-branes and fundamental strings. It 
seems that these field theories, in certain limits, have properties that are similar 
to string theory. It has been shown that, vortices are excitations of the domain 
walls and their ends are charged under the wall gauge theory. In order to push 
this analogy further, one needs to show other similarities with string theory such 
as the existence of other branc-likc solitons in field theory, e.g. monopolcs analo- 
gous to zero branes, symmetry enhancement when two domain walls overlap etc. 
Clearly this "string theory" limit of field theory in question corresponds to non- 
critical string theory since the world-volume theory does not contain gravity. Our 
results indicate that the above similarity between field and string theories can be 
extrapolated to theories with Af — 1 supersymmetry. Even though such configura- 
tions with domain walls and vortices are no longer BPS, topological considerations 
imply that they exist. 

A natural extension of our results is a description of the world-volume theories 
of the domain walls described above. This has been done for domain walls that 
arise in intersecting brane configurations[6-15]. For domain walls that live on sin- 
gularities, we expect to find similar but somewhat different world-volume theories 
since our brane configurations are not exactly dual to those in refs. [6-15]. The most 
important difference is the amount of supersymmetry: the theories in refs. [6-15] 
have J\f — 2 whereas those in section 3 have J\f — 1 supersymmetry. As a result, 
there is less control over quantum properties of domain walls compared to those 
in theories with M = 2 supersymmetry. In addition, even the theories with M = 2 
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supersymmetry in section 2 are not exactly dual to those in refs. [6,14,15]. In 
those theories, D6 branes give rise to fundamentals whereas the duals of the above 
brane configurations when described as intersecting branes, include semi-infinite 
D4 branes rather than D6 branes. 
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